Abstract. Let Γ X be a measure preserving (m.p.) action of a discrete group Γ on a probability measure space (X, µ) and H ⊂ Γ a non-amenable subgroup with commutant H ′ = {g ∈ Γ | gh = hg, ∀h ∈ H} infinite. We prove that if the action satisfies a malleability condition on HH ′ , is weak mixing on H ′ and has stable spectral gap on H (e.g. if the action is Bernoulli on HH ′ ), then any cocycle with values in a Polish group of finite type V (e.g. V discrete) can be untwisted on HH ′ to a group morphism HH ′ → V. We deduce that if Γ has a non-amenable subgroup H with commutant H ′ infinite and wq-normal in Γ (e.g. if Γ is non-amenable and either has infinite center or is a product of two infinite groups) then any Bernoulli action Γ (X 0 , µ 0 ) Γ is "cocycle superrigid".
Introduction
The coexistence of "good" deformations and some form of Kazhdan's property (T) for a group action on a probability space has been shown to produce a plethora of rigidity phenomena for both the von Neumann algebras and the equivalence relations arising from such actions ( [P1-5] , [PS] , [IPeP] , [PV] , etc). The most recent of these results, in ([P1] ), shows that if a group Γ has an infinite wq-normal (e.g. normal) subgroup H ⊂ Γ with the relative property (T) , then any probability measure preserving (m.p.) action Γ (X, µ) which satisfies the malleability condition introduced in ( [P3] ) is cocycle superrigid (CSR), i.e. any cocycle for Γ X with values in a discrete group Λ can be "untwisted" to a group morphism. We prove in this paper that malleability alone is in fact sufficient to produce such cocycle superrigidity phenomenon. More precisely, if Γ X is st-malleable (a sharpening of Supported in part by NSF Grant 0601082.
Typeset by A M S-T E X malleability to be discussed shortly) then it is cocycle superrigid on the commutant of any subgroup H ⊂ Γ on which the action has stable spectral gap. This latter condition means that the "doubling" of the action still has spectral gap on H. It automatically implies H is non-amenable. Thus, our result shows that if Γ contains an infinite non-amenable subgroup H such that H ′ = {g ∈ Γ | gh = hg, ∀h ∈ H} is infinite and wq-normal in Γ, and the restriction to H of the action has stable spectral gap while its restriction to H ′ is weak mixing, then Γ X is cocycle superrigid and so, by (5.6 in [P1] ), it is orbit equivalent (OE) superrigid as well.
Bernoulli actions Γ [0, 1] Γ are st-malleable and have stable spectral gap on any non-amenable subgroup. Thus, if a non-amenable group Γ is a product of two infinite groups, or if it has infinite center, then Γ [0, 1] Γ is cocycle superrigid and by the general results in ( [P1] ) so are all its relative weak mixing quotients.
Before formally stating the results, let us discuss in more details the concepts mentioned above. Following ([P1,3,4] ), a m.p. action Γ X is called s-malleable if there exists a continuous action α of R on (X × X, µ × µ) commuting with the double action Γ X × X such that α 1 is the flip automorphism (t, t ′ ) → (t ′ , t) and the ± directions on the path α are "symmetric" with respect to the first coordinate. We need here a slightly stronger condition, which in addition requires α to be "transversal" to the fist coordinate, and call st-malleable the actions that have such deformations (see 1.1 for the exact definition). Any generalized Bernoulli Γ-action Γ (X, µ) = (X 0 , µ 0 ) I , associated to an action of Γ on a countable set I, is stmalleable. More generally, any Gaussian action σ π : Γ (R, (2π) −1/2 ·e −t 2 dt) n associated to an orthogonal representation π of Γ on the n-dimensional real Hilbert space H n = R n , 2 ≤ n ≤ ∞, can be easily shown to be st-malleable (such actions were shown to be malleable in [Fu2] ). Such an action has stable spectral gap once the representation π has stable spectral gap.
If Γ X is a m.p. action and V is a Polish group, then a (right) V-valued measurable cocycle for Γ (X, µ) is a measurable map w : X × Γ → V satisfying the identity w(t, g 1 )w(g −1 1 t, g 2 ) = w(t, g 1 g 2 ), ∀g 1 , g 2 ∈ Γ, t ∈ X (a.e.). We refer to the group V as the target group of the cocycle. Two cocycles w, w ′ for σ are cohomologous (or equivalent) if there exists a measurable map u : X → V such that for each g ∈ Γ one has w ′ (t, g) = u(t) −1 w(t, g)u(g −1 t), ∀t ∈ X (a.e.). Note that a cocycle w is independent on the X variable iff it is a group morphism of Γ into V. Showing that a cocycle is equivalent to a group morphism is often refered to as untwisting the cocycle. We only consider here cocycles targeting closed subgroups of (separable) finite von Neumann algebras, a class denoted U f in and called Polish groups of finite type ([P1] ). All countable discrete groups and separable compact groups are of finite type. We say that Γ σ (X, µ) is U f in -cocycle superrigid if any V-valued cocycle for σ is cohomologous to a group morphism of Γ into V, ∀V ∈ U f in .
As in ([P1,2,4]), we consider two "weak normality" conditions for infinite subgroups Γ 0 ⊂ Γ: Γ 0 is w-normal (resp. wq-normal) in Γ if there exists a well ordered family of intermediate subgroups 
A result identical to Theorem 0.1 holds true for Γ P on arbitrary finite von Neumann algebras (P, τ ), when similar conditions of malleability (as considered in this general framework in [P1,3] ) and spectral gap are assumed. Same with Corollary 0.2, where one replaces everywhere "generalized Bernoulli" (resp. "Gaussian") action by "generalized non-commutative Bernoulli" (resp. "Bogoliubov") action.
Due to The proof of Theorem 0.1 relies heavily on technical lemmas and general criteria for untwisting cocycles in ([P1] ). Thus, the results in ( [P1] ) show that in order to untwist a cocycle w on the subgroup H ′ ⊂ Γ, it is sufficient to prove that there exists a perturbation α s (w) of w, along the malleable path α, for some "incremental" s > 0, such that α s (w) is uniformly close to w on H ′ . We prove in Section 3 that this is indeed the case on an infinite subgroup H ′ satisfying the assumptions of Theorem 0.1. In Section 1 we define transversal malleability and prove that the usual examples of malleable deformations (generalized Bernoulli and Gaussians actions on the probability space, non-commutative Bernoulli and Bogoliubov actions on the hyperfinite II 1 factor) do have this property. In Section 2 we discuss the stable spectral gap for actions and representations of groups, and explain how Bernoulli, Gaussians and Bogoliubov actions behave with respect to this property. Notations that are not explained, as well as most of background material, can be found in ([P1] ).
Transversal malleability
In ([P1-4]) we have considered various "degrees" of malleability for actions of groups on the probability space Γ (X, µ) (more generally on von Neumann algebras). The weakest such condition ( [P2] ) requires the flip automorphism (t, t ′ ) → (t ′ , t) on X × X to be in the connected component of the identity in the commu-
It is this condition that we will generically refer to as (basic) malleability. A stronger form requires that there actually is a continuous group-like "path" between the identity and the flip, i.e. a continuous action α of the reals on (X × X, µ × µ), commuting with Γ X × X, and such that α 1 is the flip ([P1,3,4] ). We will call such a path a malleable deformation (or path) of Γ X. An action having such a deformation was still called malleable in ( [P1-4] ), but to distinguish it from the above weaker form we will call it here path-malleable.
The strongest condition of this kind considered in ( [P1-4] ) requires the ± directions on the path α to be symmetric with respect to the first coordinate of the space X × X, a rather natural "geometric" property. In rigorous terms, this means the existence of a period-2 m.p. automorphism β of X × X, still commuting with the double Γ-action, which acts as the identity on the first variable (so β(a ⊗ 1) = a ⊗ 1, ∀a ∈ L ∞ X) and "reverses the direction" of the path α, i.e. βα t β = α −t , ∀t. Equivalently, this means the existence in the commutant of Γ X × X of a copy of the "continuous dyhedral" group R ⋊ Z/Z, in a way that the first coordinate of the space X × X is not affected by the ± symmetry and the R-action flips at some point the coordinates. This is called s-malleability in ( [P1,3,4] ), and is a useful strengthening of basic malleability in a "non-commutative environment", e.g. when the probability space is non-commutative (Γ acts on a finite von Neumann algebra with a trace (P, τ )), as in [P3] , or when malleability is being used to get information on the von Neumann algebra L ∞ X ⋊ Γ and its subalgebras, as in [P4] . Such (α, β) plays the role of a "machine for patching incremental intertwiners", along the path α. We call the pair (α, β) a s-malleable deformation. One should mention that all known examples of malleable deformations of actions (the generalized Bernoulli actions [P1-4] , the Bogoliubov actions [P3] and the Gaussian actions [Fu2] ) have a natural symmetry β and are thus s-malleable.
We consider in this paper yet another property for malleable deformations of actions, requiring a certain "transversality" of the path. We will define the property for actions Γ (P, τ ) on arbitrary finite von Neumann algebras.
1.1. Definition A malleable deformation α : R (P ⊗P, τ ⊗ τ ) of Γ (P, τ ) (i.e. a continuous action taking values in Aut Γ (P ⊗P, τ ⊗τ ) such that α 1 (P ⊗1) = 1⊗P ) is transversal if it satisfies the condition:
We also call such α a t-malleable deformation (or path) of Γ P . If in addition there also exists a period 2 automorphim β ∈ Aut(N ⊗P, τ ⊗τ ) such that β(a⊗1) = a ⊗ 1 ∀a ∈ P , and βα s β = α −s , ∀s, then (α, β) is called a st-malleable deformation (or path) for Γ
P . An action having such a deformation is called st-malleable. A m.p. action Γ X on a probability space (X, µ) is st-malleable if the action it implements on L ∞ X is st-malleable.
The transversality condition is satisfied by all known examples of s-malleable deformations (α, β) of actions. As we show below, existing examples check in fact the following stronger property:
(1.1 ′ ) There exists an orthonormal basis ξ 0 = 1, ξ 1 , ... of L 2 P with the property that ξ n , α t (ξ n ) ∈ R, ∀t ∈ R, n ≥ 0, and the Hilbert spaces K n ⊂ L 2 P ⊗L 2 P spanned by {α t (ξ n ) | t ∈ R} are mutually orthogonal. Proof. 1
• . By conditions (1.3 ′ ), the projection f n (s) of the vector α s (ξ n ) onto the subspace Cξ n lies on the line Rξ n . Thus ξ n , f n (s) = ± f n (s) 2 2 . Since
this implies that
Since we also have α s (ξ n ) − f n (s)
, it follows that if we let ε n = α s (ξ n ) − f n (s) 2 then f n (s) 2 2 = 1 − ε 2 n and thus
Combined with the previous inequality, this shows that
Thus, if we take x ∈ L 2 N and write it as x = Σ n c n ξ n then by using the CauchySchwartz inequality we finally get
• . The case of generalized Bernoulli actions is trivial by the way α is defined in (1.6.1 of [P4] ). If now σ π is the Gaussian action Γ (H n , µ n ) coming from an orthogonal representation Γ H n = R n , then a malleable deformation for σ π is given by α : R R n ⊕ R n (direct sum as Hilbert spaces) which on each "layer" of R-coordinates R ⊕ R in R n ⊕ R n = (R ⊕ R) n acts by α 0 : R R ⊕ R, α 0 (s)(x, y) = (cos(πs)x + sin(πs), sin(πs)x − cos(πs)y), s ∈ R, (x, y) ∈ R ⊕ R (see [Fu2] ). The symmetry β is then given by β(x, y) = (x, −y). The transversality (1.1 ′ ) is easily checked by keeping track of the coordinates, which are displaced under the path α in "layers".
Stable spectral gap
• . A m.p. action Γ X on a probability space (X, µ) has spectral gap (resp. stable spectral gap) if the associated representation Γ L 2 X ⊖ C has spectral gap (resp. stable spectral gap). More generally, if (P, τ ) is a finite von Neumann algebra, an action Γ (P, τ ) has spectral gap (resp. stable spectral gap) if the representation Γ L 2 P ⊖ C has spectral gap (resp. stable spectral gap).
Lemma 2.2. A representation Γ π H has stable spectral gap if and only if given any representation
Proof. Given Hilbert spaces H, K, we identify the tensor product Hilbert space K⊗H * with the Hilbert space HS(H, K) of linear bounded operators T :
In particular, we identify H⊗H * with the Hilbert space HS(H) of Hilbert-Schmidt operators on H. Note that by the Powers-Størmer inequality ( [PoSt] 
From the above Powers-Størmer inequality we thus get:
showing that if T is almost invariant to ρ g ⊗ π g , for g in a finite subset F ⊂ Γ, then |T | is almost invariant to π g , g ∈ F . In other words, if 1 Γ ≺ K⊗H * then 1 Γ ≺ H⊗H * .
2.3. Lemma. 1
• . An orthogonal representation Γ π H ∞ on the infinite dimensional Hilbert space H ∞ has stable spectral gap iff the associated Gaussian (resp. Bogoliubov) action σ π has stable spectral gap.
Proof. 1
• . For Gaussians, this is clear from the fact that as representation on
, where π C is the complexification of π and ρ ⊗ s n denotes the symmetric tensor product of a unitary representation ρ (see e.g. [CCJJV] ). Similarly for Bogoliubov actions. 2
• . This is (Lemma 1.6.4 in [P2] ).
2.4.
Definition. An action Γ (P, τ P ) is stably strongly ergodic if given any action Γ (Q, τ Q ) on a finite von Neumann algebra, any non-trivial asymptotically Γ-invariant sequence of the product action Γ (P ⊗Q, τ P ⊗ τ Q ) is (asymptotically) contained in Q. A m.p. action Γ (X, µ) is stably strongly ergodic if the action it implements on L ∞ X is stably strongly ergodic.
2.5. Lemma. If Γ (P, τ P ) has (stable) spectral gap then it is (stably) strongly ergodic.
Proof. This is trivial from the definitions.
2.6. Remark. Note that the only way in which group actions have been so far shown strongly ergodic in various concrete examples was by proving they have spectral gap. It is an open problem whether there exist strongly ergodic actions that have no spectral gap. This problem is very similar to a problem of Effros on whether there exist non-Γ II 1 factors LΛ (in the sense of Murray and von Neumann) from groups Λ that are inner amenable. Similarly for stable strong ergodicity versus stable spectral gap.
Proof of the Cocycle Superrigidity
Denote (P, τ ) = (L ∞ X, dµ),P = P ⊗P and let (N, τ N ) be a finite von Neumann algebra such that V is a closed subgroup of U(N ). Denote by σ (resp.σ) the action of Γ on P ⊗N (resp.P ⊗N ) implemented by Γ X on P = L ∞ X (resp. implemented by the diagonal action Γ X × X onP = P ⊗P ) and leaving N = 1 ⊗ N fixed.
Let M = P ⊗N ⋊ Γ,M =P ⊗N ⋊ Γ and view M as a subalgebra ofM by identifying P ⊗N with the subalgebra (P ⊗ 1)⊗N of P ⊗P ⊗N =P ⊗N and by identifying the canonical unitaries {u g } g in M ,M implementing σ on P ⊗N andσ onP ⊗N . From now on we denote by τ the canonical trace on the ambient algebrã M and on all its subalgebras.
Since the st-malleable deformation α : R → Aut(P , τ ) commutes withσ, it extends to an action of R onM , still denoted α, equal to the identity on N = 1 ⊗ N and on {u g } g .
Let w : X × Γ → V ⊂ U(N ) be a measurable cocycle for Γ X, which we view as a (algebra) cocycle w :
then the cocyle relation for w g is equivalent to the relation u
, ∀x ∈ P ⊗N, y ∈ P, g, h ∈ Γ. Thus, if σ has stable spectral gap on H then ∀δ > 0, ∃F ⊂ H finite and
) is continuous in s for all h ∈ F , it follows that for sufficiently small s > 0 we have α −s/2 (u
, satisfy the inequality π h (u) − u 2 ≤ δ 0 . By the above conditions we thus get
which by property (1.3) implies α s (u
′ } and notice that K is a convex weakly compact subset, it is contained in the unit ball ofP ⊗N ⊂M (because u
and for all ξ ∈ K and g ∈ H ′ we have u
). It follows that the partial isometry v ∈P ⊗N in the polar decomposition of x is non-zero and still intertwines the representations, i.e. v(u
1/2 . By using the symmetry β, viewed as automorphism ofP ⊗N (acting as the identity on N ), the same argument as in the proof of (Lemma 4.6 in [P1] ) shows that starting from (3.1) applied to s = 2 −n , for some large integer n, one can obtain a partial isometry v 1 ∈P ⊗N such that w gσg (v 1 ) = v 1 α 1 (w g ), ∀g ∈ H ′ , and v 1 2 = v 2 . We repeat here the argument, for completeness.
It is clearly sufficient to show that whenever we have (3.1) for some s = 2 −n and a partial isometry v ∈P ⊗N , then there exists a partial isometry v ′ ∈P ⊗N satisfying v ′ 2 = v 2 and w gσg (v ′ ) = v ′ α 2s (w g ), ∀g ∈ H ′ . Applying β to (3.1) and using that β commutes withσ, β(x) = x, ∀x ∈ P ⊗N ⊂ P ⊗N and βα s = α −s β as automorphisms onP ⊗N , we get β(w h ) = w h and
Since (3.1) can be read as v * w g = α t (w g )σ g (v * ), from (3.1) and (3.2) we get the identity
for all g ∈ H ′ . By applying α s on both sides of this equality, if we denote v ′ = α s (β(v) * v) then we further get
showing that w gσg (v ′ ) = v ′ α 2s (w g ), ∀g ∈ H ′ , as desired. On the other hand, the intertwining relation (3.1) implies that vv * is in the fixed point algebra B of the action Adw h •σ g = Ad(u ′ g ) of H ′ onP ⊗N . Sinceσ |H ′ is weak mixing on
(1 ⊗ P ) ⊗ 1 ⊂P ⊗N (because it coincides with σ on 1 P ⊗ P ⊗ 1 N ≃ P ) and because Adw h acts as the identity on (1 ⊗ P ) ⊗ 1 and leaves (P ⊗ 1)⊗N globally invariant, it follows that B is contained in (P ⊗ 1)⊗N . Thus β acts as the identity on it (because it acts as the identity on both P ⊗ 1 and 1 ⊗ N ). In particular β(vv * ) = vv * , showing that the right support of β(v * ) equals the left support of v. Thus, β(v * )v is a partial isometry having the same right support as v, implying that v ′ is a partial isometry with v ′ 2 = v 2 . Altogether, this argument shows that ∀ε 0 > 0, ∃v 1 ∈P ⊗N partial isometry satisfying w gσg (v 1 ) = v 1 α 1 (w g ), ∀g ∈ H ′ , and v 1 2 ≥ 1 − ε 0 /2. Extending v 1 to a unitary u 1 inP ⊗N it follows that w gσg (u 1 ) − u 1 α 1 (w g ) 2 ≤ ε 0 , ∀g ∈ H ′ . By (2.12.2
• in [P1] ) it follows that the cocycles w g and α 1 (w g ), g ∈ H ′ , are equivalent. Since H ′ X is assumed weak mixing, we can apply (Theorem 3.1 in [P1] ) to deduce that there exists u ∈ U(L ∞ X⊗N ) such that w ′ g = u * w g σ g (u), g ∈ H ′ , is constant in t ∈ X, i.e. it is a group morphism H ′ → V. By the weak mixing of H ′ X and (Lemma 3.6 in [P1] ), w ′ g is constant in t ∈ X for any g in the wnormalizer of H ′ , in particular on all HH ′ . The part of the statement concerning wq-normalizer follows from (Lemma 3.6 in [P1] ) while the part concerning relative mixing quotients of st-malleable actions follows from (Lemma 2.11 in [P1] ).
This ends the proof of Theorem 0.1. Corollary 0.2 is now a trivial consequence of 0.1, 1.2 and 2.3.
